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We present a study of radiation propagation through disordered amplifying honeycomb photonic
lattice, where elastic scattering provides feedback for light generation. To explore the interplay of
different scattering mechanisms and the amplification background, we consider the Dirac Hamilto-
nian with a random potential and derive diffusion equation for the average intensity of light. The
transmission coefficient and interference correction to the diffusion coefficient are enhanced near the
lasing threshold. The transition between weak anti-localization and weak localization behaviours
might be controlled by the parameters associated with the amplification and inter-valley scattering
rates.
I. INTRODUCTION
Disordered amplifying optical media have received
much attention, most particularly for their diverse ap-
plications as random lasers [1–5], spatial light confine-
ment or coherent control [6–9], and application to medi-
cal technology [10, 11]. The wave interference processes
leading to weak localization effects [12] has been studied
extensively with and without amplification backgrounds
[13–22] in three dimensional optical media, followed by a
number of experiments [23–27].
Recently, noting the analogy to the topological phases
in electronic systems [28, 29], photonic lattices (PhL)
with topologically nontrivial band structures have gener-
ated a lot of interest [30]. In particular, the light passing
through two dimensional (2D) PhL formed by a triangu-
lar periodic array of parallel waveguides can be described
by a Dirac equation and satisfy conical dispersion rela-
tion [31]. The transmission probability of light through
disordered honeycomb PhL has been studied both the-
oretically and experimentally [37, 38]. In particular, it
was shown that the transmission of light with frequen-
cies near the Dirac point is inversely proportional to the
length of the sample. Moreover, the suppression of the
coherent backscattering of radiation at an angle that is
reciprocal to the angle of incidence has been theoretically
predicted in Ref. [39]. The weak antilocalization is due
the destructive interference of waves caused by the ac-
cumulation of pi Berry phase along a closed trajectory.
This effect is similar to the absence of the backscatter-
ing of Dirac fermions in graphene [40, 41]. Various Lif-
shitz phase transitions might be achieved in topological
PhL by means of tuning the magnetic permeability and
dielectric permittivity tensor components [30]. Photonic
lattices with gain or loss are also known for being an ideal
platform for investigating the physics of non-Hermitian
Hamiltonians [32, 33]. For recent reviews on the topologi-
cal photonics, see Refs. [34–36]. Although despite intense
research on light propagation though photonic lattices, to
the best of our knowledge, the combined effects of disor-
der scattering and amplification of light in honeycomb
PhL has not been considered.
In this work, we investigate light transmission through
disordered amplifying honeycomb photonic lattice. We
first derive the diffusion equation for the field-field cor-
relation function in the situation where only one of two
inequivalent valleys in the photonic band-structure is ex-
cited by the incident radiation. It is shown that the aver-
age transmission is enhanced at the vicinity of the lasing
threshold. We also investigate the interference correc-
tion to the transmission of light taking into account the
inter-valley scattering processes. It is shown that that
the sign of the correction depends on the parameters of
amplification and inter-valley scattering rates.
II. MODEL OF AMPLIFYING MEDIA
We consider a 2D PhL in the x− y plane with length
Lx and width Ly, made of paralleled waveguides aligned
along the z-axis, as schematically shown in Fig. 1. The
waveguides are arranged in a manner to form a graphene-
like hexagonal lattice, replacing each sublattice atoms of
graphene. The waveguides and the environment media
between them are described by a frequency dependent
dielectric permittivity ω(x, y). To specify, the dielec-
tric permittivity of environment is assumed to be real
and positive in all scattering regions. The permittivity
of waveguides is real and positive in the regions x < 0
and x > Lx as well. Although, in the middle region
0 < x < Lx the permittivity is complex, for which we
adopt the model of oscillating electric dipole response at
the resonance frequency ω0 and in the situation with in-
version population.
We consider in-plane propagation of the
Ez(x, y, t) ∼ Ez(x, y, ω)e−iωt component of the
TE-polarized electric field with frequency ω. As
it was shown, for example in Ref. [42], the field
component Ez(x, y, ω) on the honeycomb lattice
can be written via irreducible doublet and singlet
representations for two sets of inequivalent corners
of the hexagonal first Brillouin zone Ez(x, y, ω) →
[E1(K/K
′, x, y, ω), E2(K/K′, x, y, ω)], E3(K/K′, x, y, ω).
The doublet states form two inequivalent Dirac points
at frequency ωD, while non-degenerate singlet states are
separated in frequency from the Dirac points and might
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2be eliminated.
Note that in the amplifying system, in addition to the
structure-dependent frequency ωD, the gain is charac-
terized by the resonance frequency of two-level systems
ω0. We will consider the propagation of EM wave with
frequency ω ≈ ω0 and assume that ω0 > ωD, as schemat-
ically shown in the right panel of Fig. 1. To this end, the
wave equation reduces to a Dirac equation in subspace of
the doublet states for two valleys in the presence of the
non-Hermitian background.
Experimentally realistic systems might contain ran-
dom scattering processes due to waveguide lattice im-
perfections that can play a key role in the light trans-
port through the PhL. We consider disorder in the re-
gion 0 < x < Lx by adding a small fluctuation to the
real part of the dielectric constant, while keeping imag-
inary part constant. Generally, disorder allows for both
inter and intra-valley (corresponding to two inequivalent
Dirac points of the honeycomb lattice) scattering pro-
cesses. Although, we will first neglect inter-valley scat-
tering and consider a situation in which incident EM field
excites only a single Dirac valley. We shall comment on
the other pumping mechanisms and scattering channels
later in the section devoted to the light interference ef-
fects.
In this model, equation for the field (E1, E2) (with the
wave-vector expanded in the vicinity of one of the two in-
equivalent Dirac points), with a random scalar potential
V (r) is given by
ωD
c2
{
[ω˜ + iΓ− V (r)]σ0ab + ivσab ·∇
}
Eb(r, ω) = 0, (1)
where r = (x, y) is the position vector, σ0 ≡ 12×2, σ =
(σx, σy) is the vector composed of Pauli matrices acting
in the subspace of the doublet states at a corner of the
crystal Brillouin zone, and v is the group velocity. The
frequency
ω˜ =
ω2 − ω2D
ωD
> 0 (2)
is introduced for brevity. The term Γ is related to the
imaginary part of the dielectric permittivity of the cylin-
ders and assumed to be frequency independent. The sys-
tem with gain is described by the negative sign of Γ,
which will be considered in what follows. Note that the
term ωD/c
2 in Eq. (1) is kept to preserve the correct di-
mensionality of the wave-equation. It is also worthwhile
to mention that TM mode satisfies similar equation to
Eq. (1) except different values of the frequency of the
Dirac point ωD and velocity term v. In present work, we
proceed with TE mode only.
Random potential with a unit matrix in both the valley
and the doublet spaces is assumed to satisfy the following
properties 〈V (r)〉 = 0 together with
(ω2D/c
4)〈V (r)V (r′)〉 = Λδ(r− r′), (3)
where the angular brackets denote averaging over the re-
alizations of disorder, and Λ = (ωD/c
2)/piντ0 is related
!D
!0
FIG. 1. Left: schematic sketch of the photonic lattice, con-
sists of a disordered amplifying region of length Lx and width
Ly placed between two dissipative regions. Photonic lattice
slab is assumed to have fully transparent boundaries for the
radiation at x = {0, Lx} and fully reflecting boundaries at
y = {0, Ly}. Right: the frequency ω of the incident light is at
the vicinity of the resonance frequency ω0 above the frequency
of the Dirac point ωD.
to the mean free time of the radiation due to scattering
on impurities τ0 and the density of states per valley and
per doublet ν = ω˜c2/2piv2ωD.
Finally, we assume that condition ω˜τ0  1 holds and
proceed with the standard diagrammatic technique for
the disordered system [43, 44].
To note the interplay between the scattering and am-
plification processes, it is instructive to comment on the
disorder averaged retarded Green function of Eq. 1,
which is given by
Dab(r, ω) =
√
νc2
4vrωD
(
σ0ab + σab · r/r
)
× exp
[
ir
v
(
ω˜ +
i
2τ
)
+
ipi
4
]
. (4)
Compared with the Green function of electrons in
graphene, here the relaxation rate is defined by both ran-
dom scattering on disorder and amplification as
1
τ
=
1
τ0
− 1
τA
, (5)
where τA = 1/|Γ| is the amplification time. Note that
approximation τ0/τA < 1 is considered so that light ex-
periences multiple scattering events on the amplification
length [1].
III. DIFFUSION EQUATION FOR FIELD-FIELD
CORRELATION FUNCTION
Let us briefly review the standard diagrammatic ap-
proach to describe the light scattering on random disor-
der. The incoming wave Einc,a(r, ω) experiences multiple
scattering events after entering the media at point r at
the interface x = 0. The propagation of light might be
described by the two-point field-field correlation function
averaged over disorder
Iab(r, r′;ω, ω′) = 〈Ea(r, ω)E†b (r′, ω′)〉. (6)
3The correlation function can be obtained by summing up
the diffusion ladder
Ibc(r1, r2;ω, ω′) = (7)
Λ
∫
dr′dr′′Daa′(r1 − r′, ω)D+d′d(r2 − r′, ω′)
×Fa′b;cd′(r′, r′′, ω, ω′)Einc,a(r′′, ω)E+inc,d(r′′, ω′),
where the integrand term Einc,a(r
′′, ω)E+inc,a(r
′′, ω′) de-
scribes the intensity of the incident non scattered ra-
diation provided ω = ω′. The average intensity
of light transmitted though the media is given by
Iab(r1, r1;ω, ω′) at position r1 = (Lx, y).
The kernel Fab;cd(r, r′, ω, ω′) of Eq. 7 satisfies diffu-
sion equation, which can be conveniently written in the
momentum representation in the form
Fab;cd(q, ω, ω′) = δabδcd (8)
+ Λ
∫
d2p
(2pi)2
Daa′(p, ω)D+d′d(p− q, ω′)Fa′b;cd′(q, ω, ω′),
where p = (px, py) and
Dab(p, ω) = c
2
2ωD
σ0ab + σab · p/p
ω˜ − vp+ i2τ
(9)
is the Fourier representation of the Green function Eq. 4.
The diagrammatic representation of the Eq. 8 is shown
in Fig. (2).
To proceed, it is convenient to write the diffusion equa-
tion in the new basis as
Fηη′(q, ω, ω
′) =
1
2
σηdaσ
η′
bcFab;cd(q, ω, ω′), (10)
where indices η, η′ take the values {0, x, y, z}. In this
basis the diffusion equation in momentum representation
is given by
Dq2
2 − iδω − τ−1A i v2qx iv2qy 0
i v2qx
1
2τ
−1
0 0 0
i v2qy 0
1
2τ
−1
0 0
0 0 0 τ−10
F = 1τ . (11)
Here D = v2τ is the diffusion coefficient and δω = 2ω(ω−
ω′)/ωD. The field-field correlation function can be split
into singlet η = 0 and triplet η = x, y, z components.
The triplet components are suppressed on the scale of the
mean free path ` = vτ0 at the vicinity of the boundaries
and might be eliminated.
As a result, one obtains equation for the remaining
singlet component F0 ≡ F00 in the form[
iδω +D∇2r +
1
τA
]
F0(r, r
′;ω, ω′) = −1
τ
δ(r− r′). (12)
Note the appearance of the positive term τ−1A in the dif-
fusion equation for the singlet mode compared with the
case of electron diffusion in graphene, [45]. Such term
FIG. 2. Schematic representation of the diffusion ladder in
Eq. 8.
signals for the size-dependent pole in the diffusion prop-
agator as can be seen after imposing the boundary con-
ditions.
Photonic lattice slab is assumed to have fully trans-
parent boundaries for the radiation at x = {0, Lx}
and fully reflecting boundaries at y = {0, Ly},
which is described by F0(r, r
′;ω, ω′)|x={0,Lx} = 0 and
∂yF0(r, r
′;ω, ω′)|y={0,Ly} = 0, respectively. Hence, the
solution of diffusion equation Eq. (12) is given by
F0(r, r
′;ω, ω′) =
τA
τ
∞∑
n=1
∞∑
m=0
un,m(x, y)un,m(x
′, y′)
λn,m − iδωτA ,
un,m(x, y) =
2√
LxLy
sin
(
npix
Lx
)
cos
(
mpiy
Ly
)
,
λn,m = L
2
A
[
n2
L2x
+
m2
L2y
]
− 1, (13)
where n,m are integers and LA = pi
√
DτA is the critical
length, which determines the random amplifier to gener-
ator transition.
The contribution of the lowest mode with n = 1,m = 0
diverges at Lx = LA, where the Thouless energy pi
2D/L2x
becomes equal to the amplification rate τ−1A .
IV. TRANSMISSION PROBABILITY
Let us now proceed to the evaluation of average trans-
mission of radiation incident at an angle θ on the interface
x = 0 and transmitted at an angle φ from x = Lx. We
consider the slab with dimensions Lx, Ly to be smaller
than the critical length LA = pi
√
DτA, above which the
system becomes a random generator. We also consider
the width of the incident beam to be larger than Ly.
The transmission coefficient can be defined as a ratio
of the transmitted to total incoming flux densities. The
average intensity of radiation with frequency ω at point
r is given by
Iα(r, ω) =
1
2
σαabIab(r, r;ω, ω). (14)
Utilizing Eq. 7 and Eq. 12, one arrives at the continuity
equation in the form
∂I0(r, t)
∂t
+∇ · J0(r, t) = I0(r, t)
τA
, (15)
4where the singlet flux density is given by J0(r, t) =
−D∇I0(r, t). Consider the incident wave (note that only
single valley is being pumped) in the form
Einc(r, ω) = (1, e
iθ)T
√
Iinc/2e
i(k·r−ωt) (16)
with intensity Iinc, frequency ω, and wave-vector k =
|ω˜|(cos θ, sin θ)/v. The incoming flux density is defined as
Jinc(ω) = v(ωD/ω)E
+
inc(ω, r)σEinc(ω, r), thus the total
incoming flux density reads
〈xˆ · Jinc(ω)〉 = (ωD/ω)vIinc
∫ pi/2
−pi/2
dθ
2pi
cos θ. (17)
By employing the relation between the singlet compo-
nent of the flux and the wave intensity through a disor-
dered medium the transmission probability is given by
T0 = −piωD cosφ
vωDIinc
∫ Ly
0
dy
Ly
∂
∂x
I0(r, ω)
∣∣∣∣
x=Lx
. (18)
This expression can be further simplified after incorpo-
rating Eq. (7) and Eq. (8) for the intensity as [14]
T0 = − piω`
3
2ωDLy
∫ Ly
0
dydy′
∂2F0(r, r
′, ω)
∂x∂x′
∣∣∣∣
x′=0
x=Lx
. (19)
Taking into account Eq. 13, estimating ω0/ωD ≈ 1, and
noting that only m = 0 contributes, one obtains
T0 = pi
2 ` cosφ
LA
cosec
piLx
LA
, (20)
where the length Lx is cut by the mean free path ` from
below. At Lx  LA the average transmission is given
by the usual expression 〈T0〉 = `/Lx, [15]. To compare,
the transmission probability through the wide Ly > Lx
ballistic honeycomb photonic lattice at the Dirac point
is proportional to the ratio Ly/Lx, [37]. Denoting
Lx = LA(1−∆), (21)
where 0 < ∆  1, the average transmission probability
through disordered amplifying media at the vicinity of
the threshold is given by 〈T0〉 = `/∆LA [14]. It is en-
hanced as 1/∆ compared to the system without amplifi-
cation. Expression for the light transmission is similar to
the one in disordered optical media Ref. [14]. However,
distinctions are expected in the interference phenomena
of light due to the presence of several Dirac cones in the
band structure of the honeycomb photonic lattice.
V. INTERFERENCE CORRECTION
The interference phenomenon in disordered electronic
and photonic systems has been investigated extensively
[44]. Special interest is in the systems with (pseudo)spin-
momentum locking and multiple valley degrees of free-
dom [40, 45]. However, it is known that symmetry-
breaking scattering processes might play significant role
in the interference effects in the honeycomb lattice. Par-
ticularly in graphene, it has been shown that the in-
terference correction to the conductivity can tern from
positive to negative (i.e. from weak antilocalization to
weak localization) by increasing the strength of the inter-
valley scattering processes, [41, 45, 46]. The suppression
of the coherent backscattering of radiation from a dis-
ordered triangular photonic lattices, where only single
valley pumping processes were considered, has been ad-
dressed in Refs. [39, 47]. The accessibility of the val-
ley dependent pumping of light in the honeycomb pho-
tonic lattice, where the incident beam splits into two
beams (corresponding to two inequivalent valleys), has
been demonstrated in Ref. [48]. Although, the inter-
ference correction in amplifying optical media has been
addressed a long time ago [18], to the best of our knowl-
edge, the analogous effects in amplifying photonic lattices
have not been studied.
So far we have focused on the case in which only
one of the two inequivalent valleys is excited and con-
sidered only scalar disorder described by a unit ma-
trix in valley and doublet subspaces. To describe intra
and inter-valley scattering mechanisms, following con-
vention as used in the study of weak localization in
graphene Ref. [45], it is convenient to introduce two
sets of 4 × 4 Hermitian matrices: ~Γ = (Γx,Γy,Γz) and
~Ξ = (Ξx,Ξy,Ξz) in “pseudospin” and “isospin” space
representations, respectively. Each components are de-
fined as Γx = Πx ⊗ σz, Γy = Πy ⊗ σz, Γz = Πz ⊗ σ0,
and Ξx = Πz⊗σx, Ξz = Πy⊗σy, Ξz = Π0⊗σz, where
Π0,x,y,z are Pauli matrices, which act in the valley space.
One can rewrite Dirac equation Eq. (1) in the new basis
representation utilizing matrices Ξ and Π, and introduce
the intra-valley and inter-valley scattering rates, as Γi
and Γz, respectively, [45].
It was shown in Ref. [45] that the interference cor-
rection to the diffusion coefficient δD is determined by
the isospin-singlet pseudospin-singlet and three isospin-
singlet pseudospin-triplet components of the field-field
correlation function, the Cooperon
δD
D
=
τ
2piν
∫
d2r
LxLy

3∑
j=1
C
(j)
0 (r, r)− C(0)0 (r, r)
 .(22)
Here the pseudospin singlet component C
(0)
0 (r, r
′) is
given by the solution (13) of Eq. 12. It can be shown
that, the pseudospin triplet components C
(j)
0 (r, r
′), with
j = 1, 2, 3, obey Eq. 12, in which one has to perform a
formal substitution of the respective relaxation rates as
τ−1A → τ−1A − τ−1j , where τ−11,2 = Γz + Γi and τ−13 = 2Γi
account for the relaxation rates of the Cooperon triplet
components, [45].
Note that the boundary conditions for the Cooperon
triplet components depend on the quality of the edge
of the photonic lattice. The sharper boundary provides
larger inter-valley scattering rates, resulting in the sup-
pression of the Cooperon triplet components. This can
5be described by the following condition C
(1,2,3)
0 (r, r
′) = 0
at the corresponding boundary, [49], which gives
C
(j)
0 (r, r
′;ω, ω′) =
τA
τ
∞∑
n=1
∞∑
m=1
un,m(x, y)un,m(x
′, y′)
λ
(j)
n,m − iδωτA
,
un,m(x, y) =
2√
LxLy
sin
(
npix
Lx
)
sin
(
mpiy
Ly
)
,
λ(j)n,m = L
2
A
[
n2
L2x
+
m2
L2y
]
+
τA
τj
− 1. (23)
When the inter-valley scattering times at the bound-
ary are much longer compared to the amplification
time, one can use the condition on the free boundary
∂yC
(1,2,3)
0 (r, r
′)|y={0,Ly} = 0. In this case the solution
for the pseudospin triplet components coincide with Eq.
13, again with a formal substitution of the respective re-
laxation rates.
We are now in the position to calculate the interfer-
ence correction. In the case of sharp boundaries with
strong inter-valley scattering processes, using Eq. 23 for
triplet and Eq. 13 for the singlet, the integration over
coordinates in Eq. 22 yields the following expression
δD
D
=
τA
2piνLxLy
∞∑
n=1
{ ∞∑
m=1
[ 3∑
j=1
1
λ
(j)
n,m − iδωτA
− 1
λn,m − iδωτA
]
− 2
λn,0 − iδωτA
}
. (24)
Let us analyze this expression in several limits. In a
narrow wire case Ly  Lx < LA, the contribution
of the pseudospin singlet term C
(0)
0 dominates over the
triplets (Ly/Lx) ln |LA/Ly|  1 (similarly to the con-
ductance fluctuations in graphene [49]). Summing up
over n in the last term in Eq. 24, one obtains δD/D =
−(τA/2piνLxLy)[1 − (piLx/LA)ctg(piLx/LA)] at δω = 0.
At the vicinity of the threshold, Lx = (1 − ∆)LA, it is
enough to keep only single harmonics {n,m} = {1, 0},
which gives
δD
D
= − τA
piνLALy
1
2∆
. (25)
Correction to the diffusion coefficient has weak localiza-
tion negative sign.
In the wide contact case, Lx  Ly < LA, both singlet
and triplet components can equally contribute. Here the
sign of the correction can change to positive. Indeed, at
δω = 0, one estimates
δD
D
=
τA
4νL2a
∑
n≥1
{
−
[
n2 − L
2
x
L2A
]−1/2
+
3∑
j=1
[
n2 − L
2
x
L2A
(
1− L
2
A
Dpi2τ2j
)]−1/2}
. (26)
Although, since the media is far from the threshold con-
dition the logarithmic interference correction is not en-
hanced as compared to the random media without am-
plification.
It is also instructive to consider the case when the in-
tervalley scattering processes at the boundaries are weak,
so that all components of the Cooperon are given by ex-
pression in Eq. 13 with τ−1A → τ−1A − τ−1j . In this situ-
ation, both the singlet and the triplet might contribute
equally in the most singular zero-dimensional case, at
Ly ≈ Lx = LA(1 − ∆). For the lowest harmonic we
obtain
δD/D ∝ − v
2τA
LxLy
{
1
2∆− iδωτA
−
3∑
j=1
1
2∆ + (τ−1j − iδω)τA
}
. (27)
For example, at τ1 = τ2 6= τ3 and for zero frequency
δω = 0, with the decrease of ∆ the sign of the inter-
ference correction changes from positive to negative at
∆ = [
√
1 + 8(τ3/τ1)− 1]τA/8τ3 provided τA/τj  1.
VI. SUMMARY
In conclusion, we have explored the interplay of ampli-
fication and disorder on the propagation of light through
a photonic honeycomb lattice. The honeycomb PhL pos-
sesses valley degree of freedom, which allows various scat-
tering processes for light. The relative strength of the
intervalley and intravalley scattering rates with respect
to that of amplification background might monitor the
sign of the interference correction to light transmission
and reflection coefficients.
Finally, we have considered the term iΓσ0ab describ-
ing amplification in the non-Hermitian Hamiltonian Eq.
(1). One of the possible future directions for study is
to consider the case with loss-gain imbalance between
the waveguides described by the term i~γ · ~σab. It would
be interesting to extend the research to this situation
with strongly anisotropic light propagation and revisit
the condition for the lasing threshold.
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